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Abstract. A generalization of the results of Rasetti and Zanardi concerning 
avoiding errors in quantum computers by using states preserved by evolution 
is presented. The concept of the dynamical symmetry is generalized from the 
level of classical Lie algebras and groups, to the level of a dynamical symmetry 
based on quantum Lie algebras and quantum groups (in the sense of Woronow- 
icz). An intrinsic dependence of the concept of dynamical symmetry on the 
differential calculus (which holds also in the classical case) is stressed. A nat- 
ural connection between quantum states invariant under a quantum group 
action, and quantum states preserved by the dynamical evolution is discussed. 
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1. Introduction 

Quantum computation is a new and quickly developing area of science. Its 
power comes from using quantum parallelism of computations. This new paradigm 
for computation was envisioned by Feynman [Q. For many years quantum com- 
putation looked as an unrealistic dream. The reason is unavoidable decoherence 
due to the interaction of quantum devices with a classical environment, which de- 
stroys quantum coherent states. Then the advantage of parallelism is lost, and this 
makes quantum computation impossible. This situation changed radically when 
the quantum error correcting codes were invented ]2|, . This fact plus remark- 
able progress in experimental manipulation with individual qubits make the dream 
coming true. 

In this paper we study a special implementation of so-called noiseless quantum 
codes, also known as error avoiding quantum codes ||. Such codes were proposed 
in H as an alternative or, more likely, supplement to the error correcting quan- 
tum codes. In || f?J error avoiding quantum codes were built using group theoretic 
methods. The idea is that among quantum states of the system there exist dis- 
tinguished ones which, despite interaction with the environment, do not underlie 
decoherence. Important assumption was that qubits of the quantum register in- 
teract with a coherent environment. This assumption, besides the assumption on 
dynamical symmetry of the system, turned out to be essential for the introduction 
of the states protected against decoherence. Namely, it is possible to introduce 
collective variables describing the qubits composing the register. The singlet state 
of the qubits turned out to be protected against corruption. 

An attempt to describe a more general situation was made in ||. There the 
semigroup technique was used to describe general evolution of the system inter- 
acting with environment. In comparison to the generalization consisted in 
consideration of various degrees of coherence of the environment on the distances of 
the order of the length of the register. Besides full coherence, lack of any coherence 
and partial coherence were considered, too. Basic results on error protected states 
are similar to the ones obtained in |(| [tJ. Additional noises were considered, and 
it was shown that their influence on the error protected states is negligible up to 
the first order of a small parameter characterizing the noise. Performing quantum 
computations with the error protected states was shown to be realistic. 

In the paper || general criteria for error avoiding quantum codes were formu- 
lated. First, the existing codes were divided into three groups: error correcting 
codes, error avoiding codes and error preventing codes. Error correcting codes 
detect and correct errors. Error preventing codes only detect errors, without cor- 
recting them. After the classification was made the general theory of error avoiding 
codes was formulated, in the manner following the paper || , where the general the- 
ory of error correcting quantum codes was presented. It was found that the error 
avoiding codes are derived from the subspaces of the Hilbert space that are common 
eigenspaces of the operators A a describing the evolution of the system. If p i and 
Pj: are the initial and the final density matrices of the system respectively, then, 
under assumption that initially the system is not entagled with the environment, 
Pf = E a A aPi A t> wh ere £ a A+A a = I. 

^From the paper Q the conditions for the error correcting codes are known. 
Namely, if the vectors \i > form an orthonormal basis of the code, the condition 



(1.1) 



<i\K A b\j>=labt; 
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should be satisfied, where j ab is a Hermitian matrix. All known error correcting 
codes have j ab nondegenerate. The matrix is then expressible, after some unitary 
redefinition of A . as a diagonal matrix with positive entries. 

As shown in B error avoiding codes also satisfy (1.1) but are maximally de- 



generate (in the diagonal form only one diagonal element is different from zero). 
Moreover the matrix j ab is expressible as j ab — 7*7 & , where j a are eigenvalues of 
the respective operators A a for the states from the code. This general approach 
does not use the group theoretic language, so that we do not know if there exist 
error avoiding codes of different origin than the group theoretic (or quantum group 
theoretic) one. It shows however usefulness of the error avoiding codes for quantum 
computing (especially when used simultaneously with the error correcting codes). 

The aim of this paper is to study error avoiding codes in a more general frame- 
work than the group-theoretic one. More precisely, we shall discuss the problematics 
of error avoiding codes in the framework of quantum groups. 

Our motivation is that the quantum group framework enables introduction of a 
more general dynamical symmetry of the system, comparing to the standard group 
theoretic one. By construction, it covers also the dynamical symmetry connected 
with classical groups, since the classical groups are all special cases of quantum 
groups. We hope to take this way into account certain fluctuations from the exact 
group theoretic dynamical symmetries required by the standard noiseless codes. 

In H 0| there was expressed a hope that deviations from the proposed ideal 
situation should not destroy too much of the quantum coherence and consequently 
the error protected states should become 'almost error protected' under these con- 
ditions. Our considerations show there exist particular perturbations for which the 
error protected states 'remain' exactly protected despite these perturbations. 

The plan of the paper is as follows. In the second section we define and briefly 
discuss the notion of dynamical symmetry connected with quantum groups. In the 
third section we formulate and prove main theorems concerning error protected 
states. In the fourth section we present simple examples to illustrate the general 
results. We conclude the paper with the discussion of possible extensions of this 
work. In the Appendix we give a very brief review of the basic material on quantum 
groups and their representations. 



2. Dynamical Symmetry Coming From Quantum Groups 

Symmetry proved to be one of the basic notions in physics. Dynamical sym- 
metry of a physical system is defined in terms of its Hamiltonian, which should 
be expressible as a linear combination of operators generating a representation of 
the appropriate Lie algebra. There is a large class of systems possessing such a 
property. Dynamical symmetry of a system should not necessary be visible at a 
first sight. Nevertheless, searching for such a symmetry is highly rewarding, since 
one can apply to the systems with a dynamical symmetry powerful methods devel- 
oped on the ground of the theory of Lie algebras and their representations, like the 
method of coherent states |Q. Dynamical symmetry proved to be also important 
in searching for physical systems possessing very specific quantum states — which 
can not be corrupted despite their interaction with the environment [||, Such 
systems provide noiseless quantum codes that are of potential great interest for 
constructing quantum computers. Noiseless quantum codes can be either alterna- 
tive to error correcting codes, which are elaborate methods of coding information, 
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recognizing errors and correcting them Q , or a valuable supplement to such 

codes. 

It turns out that analogous codes exist for systems with dynamical symmetry 
based on quantum groups instead of Lie groups. The goal of this section is to define 
the notion of dynamical symmetry associated to quantum groups. In the next 
section we shall apply our new concept of dynamical symmetry to prove our main 
theorems concerning error protected states. Then, we shall study some systems 
providing noiseless quantum codes. 

Basic mathematical concepts and tools that will be used in the paper are briefly 
presented in the Appendix. 

A generalization of the concept of dynamical symmetry can be defined only 
when there are well established notions of a Lie algebra, and the corresponding 
universal enveloping algebra, associated to a given quantum group G. In the theory 
of quantum groups, all these notions essentially depend on an appropriately chosen 
differential calculus over G. 

The quantum group G will be represented by a non-commutative C*-algebra A, 
playing the role of the algebra of 'continuous functions' defined on the quantum 
space G, together with a coproduct map <p ■ A — > A ® A (corresponding to the 
standard product in the case of classical groups). Effectively, all caclulations will 
be performed within an everywhere dense *-subalgebra A C A, playing the role of 
polynomial functions over G. Actually, A is a Hopf *-algebra in a natural way. 

Suppose that on G is defined a *-covariant, left-covariant first-order differential 
calculus r. Let L be the associated quantum Lie algebra. If the calculus V is in 
addition right-covariant, we can introduce the universal enveloping algebra U(L). 
Every representation v : V —> V ® A oi G vn. a, finite-dimensional vector space V 
naturally induces (as in the classical theory) a representation 8 = 5 V of L and U(L) 
in V. 

Definitions of all these objects are sketched in the Appendix. 

We consider an open quantum system, represented by a Hilbert state space 
V = H s . The system interacts with its environment (bath) which is described 
by a Hilbert space H B . Here it is assumed for simplicity that all Hilbert state 
spaces are finite dimensional — however, everything could be incorporated into the 
infinite-dimensional case. 

Definition 2.1. We say that a system has quantum dynamical symmetry de- 
scribed by the quantum group G and its quantum Lie algebra L if the following 
conditions are satisfied: 

(i) The evolution of the system is governed by the Hamiltonian 

H £ End(iJ s <g> H B ) ~ End(ff s ) (g> End(ff B ). 

(ii) The Hamiltonian is a hermitian operator TL* = TL. 
{Hi) The Hamiltonian is of the form: 

(2.1) H = P x (l 1 ,...,l n )<ST 1 + ...+P N (l 1 ,...,l n )®T N 

where Py, . . . , P N are polynomial expressions of infinitesimal generators l { = 5{e i ) 
and {e 4 } is a basis in L. Finally T 1; . . . , T N are hermitian operators 
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Such systems with quantum dynamical symmetry can be explored by generalized 
methods known from the theory of systems with classical dynamical symmetry, for 
example by the method of quantum coherent states |0|. Let us observe that the 



terms in (2.1) can be reorganized in such a way, that the Hamiltonian takes a more 



familiar form: 

(2.2) U = H s <8 id + id <g> H B + Tij 

where Tt s is the system's Hamiltonian, TL B is the Hamiltonian of the environment 
and TLj is the 'interaction hamiltonian' uniquely defined as the part of Ji traceless 
in both tensor factors. 



3. Error Protected States & Noiseless Quantum Codes 

In this section we present our main theorems on error protected states, and on 
noiseless quantum codes. We assume that we deal with a (open) quantum system 
with dynamical symmetry of a quantum group, and all other features as described 
in the previous section. The vectors that are v-invariant, where v is a representation 
of the quantum group G, are of vital importance for our further discussion. Let us 
give their definition now. Let v : V — * V ® A be an arbitrary representation of G in 
a finite-dimensional vector space V, and let 8 = S v : L —> End(T^) be the associated 
representation of L. To further simplify the considerations, we shall consider the 
case when the quantum group is 'connected' in the sense that only scalar elements 
of A are annihilated by the differential d: A — ► F. 

Then the following equivalence holds for every vector tp G V 

v{tp) =ip®l 8{x)ip = 0, Vx e L 

Let us assume that the calculus L is in addition bicovariant. This enables us 
to introduce the quantum universal enveloping algebra U(L), and to discuss the 
representations of U (L) associated with the representations of the quantum group 
G. Let us also introduce the map x '■ U(L) — * C, with the properties x(£) = 0, 
x(l) = 1, extended then to the whole U(L) by multiplicativity. The representation 
6 uniquely (as in the standard theory) extends from L to U(L). The above two 
conditions are further equivalent to 

5(q)i> = x(q)iJ>, VqeU(L). 

The proof of these equivalences is quite straightforward, but it needs some ad- 
ditional definitions and constructions, which we would rather skip in this paper 
as they are going too far in the formalism. Vectors satisfying any of the above 
conditions are called v-invariant. The u-invariant vectors are very important for 
the study of quantum registers (which are open systems with a quantum dynamical 
symmetry). Such vectors give us examples of the error protected states. 

Our main theorem reads: 

Theorem 3.1. Unitary evolution described by the Hamiltonian Ti. possessing a 
quantum dynamical symmetry given by (G,L) preserves the v-invariant vectors and 
associated states of the system, even when the other states of the system are cor- 
rupted due to decoherence. 
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Proof. Let us take as an initial vector ip ® £ G if s (g) -ffg , where V> is w-preserved in 
the sense defined above. Then the unitary evolution defined by 

U(t) = exp(-^m) 



with H of the form (2.2) gives 



exp(~7tt)(ilf ® C) = i> ® ex P (-^ eff t)C 

where 

W eff = x( J P 1 )T 1 + ... + x(PjT iV . 
This proves the statement. □ 

Interesting property of 7i cff is that the coefficients x(-P,) should somehow reflect 
the structure given by G and its Lie algebra L. 

Now we can easily prove generalization of the theorems 1 and 2 given in the paper 
E|. We follow the notation from ||. Let p s G End(-ff s ) and p B e End(i? B ) be 
the (mixed quantum) states of the system and the environment respectively. If the 
overall system is initially in the state p(0) = p s (g) p B , then p(t) = U (t) p(0)U (t) + , 
so that the evolution is unitary. The induced evolution on H s is given exactly like 
in |jj by L t : p s — > ti B p(t), where tr B is the trace over Then the following 
theorem is fulfilled: 

Theorem 3.2. Let M N be the manifold of states built over the space of vectors 
invariant under the representation v, and p s € -M N . Then for any initial bath 
state p B the induced evolution on H s is trivial, 

L t \Ps<t)]=Ps> Vi>0 - 



Proof. Theorem p.l| allows us to reduce the proof of f^J to the proof of the first 
theorem of □ 

The invariant vectors are generalizations of the singlet states pointed out in [|| 
as the states of the quantum register which are not corrupted by interaction with 
the environment. 

We should stress that the Hamiltonian of the system + environment should not 
necessary contain terms with trivial representation in the space of the system and 
in the space of the environment, so that it can be even of the pure interaction form. 

Before we present simple examples illustrating the general theory and explicitly 
showing the 'error protected' states, let us discuss interesting question of the struc- 
ture of the Hilbert space of the quantum computer registers, and discuss physical 
implications. The register usually consists of a number of copies of the same quan- 
tum system, often having two possible states for example spin 'up' and spin 'down' 
(a qubit). 

Dynamical symmetry is defined in the Hilbert space that originates from the 
Hilbert spaces for individual qubits being described as carrier spaces of unitary 
representations 

v i :V i ^>V i ®A i = 1,... ,n 

of our quantum group G. 

The register Hilbert space is the tensor product of the representation spaces, 

V = V l ®V 2 ® ...®v n 
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in which G acts by the direct product 

v = v 1 x v x . . . x v r 



of representations v i . Each of the representations v i induces a representation 5, 
of the corresponding quantum universal enveloping algebra. The representation v 
induces the representation 5 of the quantum universal enveloping algebra, and one 
can easily prove the following relation: 

n 

(3.1) <y(x)(0 1 ®...®0„) = 5^ ^i®---®**(* a )0*«i»?fcVi®---®'?° 

k=l ael[k] 

where 

a£/[k] 

and r n _ fc : V fe+1 ®...<g>P^<g).L— >L® V fe+1 ® . . . (g> are the appropriate 'flip-over' 
operators naturally associated to the differential calculus. 

The formula ( |3.l[ ) differs from the corresponding formula for the classical case of 
addition angular momenta in quantum mechanics (r is in the classical case just the 
standard transposition). It is easy to see that qubits in the register are not treated 
on the same footing. It could be associated to some effects due to, not taken into 
account in Q, linear extension of the register, or to fluctuations of the fields due 
to nonideal structure of boundaries of the register and their influence. Anyway, it 
is possible to realize a system with weaker symmetry than the one presented in |j| 
but still possessing error protected states. It is known that similar deviations from 
exact dynamical symmetry of Lie groups lead to better mass (or energy) formulas 
in both nuclear/particle physics, and molecular physics |fl4| , Therefore, one 
can look also among such systems for possible candidates for registers of quantum 
computers. 

In || a physically plausible conjecture was expressed, that small deviations from 
ideal properties assumed of the system should lead to small errors in the error- 
protected states. Actually, we have shown that there exist systems with special 
kind of deviation from the assumed symmetry, which nevertheless still have error 
protected states. 

4. Examples 

Let us switch now to some simple examples that would highlight our general 
ideas. The first example of a quantum group presented systematically in the liter- 



ature was a quantum version of the standard SU(2) group 16 , where the theory 
of representations was developed together with various geometrical aspects and a 
construction of a natural three-dimensional lcft-covariant differential calculus. This 
calculus is not bicovariant, and the minimal dimension for a bicovariant calculus 
over the quantum SU(2) is 4 (this four-dimensional calculus Jl^] is analyzed in 
detail in ||l7f ). Generalization of the results concerning this particular quantum 



group leads to the general theory of compact matrix quantum groups |18, [12|, the 
definition of quantum spheres [ ft9| and their geometry p0| , deep generalization of 
the Tannaka-Krein duality |l3|| , and also the theory of quantum principal bundles 
together with the corresponding gauge theory on quantum spaces, first formulated 
in plj and then developed systematically in |2^, |2^] (see also [^4], ^5], ) . Also in 
the C*-algebraic framework the quantum homogeneous bundles were defined and 
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the example of such a bundle with quantum spheres as fibers was given p7[ . Dif- 
ferent approaches to quantum groups were developed in |^8|, ^9), where quantum 
groups are treated from the point of view of deformations of universal enveloping 
algebras, Yang-Baxter equations and completely solvable systems. 

We shall use the quantum version of SU (2) in our examples. This is relatively 
simple from computational viewpoint, but highly non-trivial and very suggestive 
for the aims of this paper. First, we remind some basic facts about this group, 
which is denoted by S^U{2). Here the deformation parameter [i takes the values 
[i 6 [—1, 1] \ {0}, and \i = 1 corresponds to the classical SU(2) group. 

In our further considerations important role will play the fact that irreducible 
unitary representations of S^JJ{2) are classified by the half-integers, like the repre- 
sentations of SU(2). The fundamental representation corresponds, as in the clas- 
sical case, to spin j = \ (see Appendix for more details). The Clebsch-Gordan 
decompositions of tensor products of the representations of the S^U(2) into irre- 
ducible representations look similar (concerning the multiplicities of the appearance 
of irreducible components in the products of representations) as in the classical case: 

ux ... , „ 

with the numbers k the same as in the classical case. In particular, the decompo- 
sition of the second tensor power of the fundamental representation is u\/ 2 = u (Bu 1 , 
where u Q and u 1 are the 1-dimcnsional and the 3-dimensional irreducible represen- 
tations, respectively One can describe these representations more explicitly after 
introducing the orthonormal basis in the representation space V = C 2 of u 1 ^ 2 , which 
will be denoted |+), |— ) for the purpose of being easily recognizable by physicists. 
The tensor square u^ 2 is realized in V <E> V ~ C 4 , and the orthonormal basis in 
this space is |+) ® |+), |+) ® |— ), |— ) ® |+), |— ) <& |— ). It is an easy exercise to find 
that the invariant subspaces of u 2 ^ 2 are spanned by: 

(4-1) _L_ ( | +>0 |_) ®| +> ) 

V 1 



M 2 



and 



(4.2) - 7 =4=(|+)®|-) + i|-)®|+)) 



The formula (4J) generalizes the standard singlet, and the formula (4.2) gener- 
alizes the standard triplet. In analogy to the classical case the even tensor powers of 
the fundamental representation decompose into irreducible representations in such 
a way that the one-dimensional representation appears a number of times, and the 
number is identical as in the classical case. These singlets will be preserved by the 
dynamics. 

4.1. First Example. In the first example we treat a system which is very similar 
to the one considered in p| . Namely, as a model of the environment (bath) we 



10 



M. DURDEVICH, H.E. MAKARUK, R.OWCZAREK 



consider a system of harmonic oscillators, described by the Hamiltonian 

k 

acting in the Hilbcrt space H B . The register consists in this simplest case of two 
qubits. In contrast to the case considered by Zanardi and Rasetti |n, the system 
consisting of the register and the bath has the dynamical symmetry not of the 
classical but of the quantum SU (2) group. As already mentioned, in the quantum 
group context it is necessary to chose the differential calculus, prior to establishing 
the notion of the dynamical symmetry. The closest to the classical case seems to 
be introduction of the 3D left-covariant calculus ]l6| . In other words, the quantum 
Lie algebra L is 3-dimensional. Let us denote by K i the operators representing 
the basis vectors l t , in an arbitrary representation of L (here i € {1,2,3}). The 
following recurrent formulas enable us to compute explicitly the operators K v in 
the arbitrary tensor product of elementary 2-dimensional representations (qubits): 

(4.3) K^j®\+)) = |V <8 |+) + ^K a (VO ® |+) 

(4.4) K 3 W>®\-)) =/i 2 #aW0® h)-^®|-> 

(4.5) K^®\+)) =I^®|+) + I^.(^)®|+) 

(4.6) K^2)\-)) =/J)T i (^)®|->-^®|->, 
where j G {1, 2}. 

In such a case the bath-register interaction Hamiltonian which is the quantum 
group analog of the Hamiltonian used in In] reads: 

Hj = K + ® T + K_ ® Tt + K 3 ® T' , 

where K ± = K 1 ± iK 2 , and T,T' are operators acting in the bath Hilbert state- 
space. Relating to the corresponding formulas in ||, the operators T and T" arc 
obtained as the appropriate linear combinations of the creation and annihilation 
operators describing relevant elementary excitations of the bath. The operators K- 
are acting in the 4-dimcnsional 2-qubit space. In other words, it is formally of the 
same shape as in however the 'spin' operators are different as explained above. 
The singlet state of the register is error-protected in the sense discussed above. 

4.2. Second Example. In the second example the only difference with the first 
example is the register consists now of any even number of qubits, instead of just 
two. The spin operators K- are referring to the total register system, and are 



calculated by applying the above listed inductive rules (4.6). 

It is important to stress that the number of singlet states is just the same as in 
the classical SU (2) case. This is a consequence of the mentioned similarity between 
the representation theories for quantum and classical SU (2) groups. The dimension 
of the singlet state space depends on the number of qubits in the way described in 
|6j. All these states are clearly protected from corruption due to decoherence. 

4.3. Remark. The group SU (2) appears as a dynamical symmetry group mainly 
in the context of the dynamics of spin systems. It appears less frequently in the 
context of dynamics of different systems, like bosonic particles. Therefore, the 
examples usually begin with the fundamental representation u l j 2 of SU{2), as the 
elementary building blocks of the Hilbert space of the system. However, such a 
fundamental block could be any of Uj with j half-integer. Since for example u ■ x Uj 
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contains the singlet u Q in its splitting into irreducible representations, this could 
be a starting point for building error protected states with the help of bosonic 
particles. Similar considerations are true also for the quantum group S U(2). It 
seems, though, that a physical realization of such systems is more complicated and 
creates more technical problems. 

Let us stress that in the examples we considered following the paper | gj, all qubits 
are coupled to the same, coherent, environment. As was stressed in 30] coupling 
to the same environment of the qubits gives more possibility to get error protected 
states than coupling to independent environments. However, our methods seem to 
be general enough to deal with the cases of coupling with independent environments 
as well, till the system has a dynamical symmetry of the type introduced in this 
paper. 



5. Conclusions 

In this paper we introduced the general notion of dynamical symmetry asso- 
ciated with quantum groups and Lie algebras. Then we applied this notion to 
construct error protected states for open systems with such symmetry. The states 
can be useful for quantum computation. They are close analogs of their standard 
group theoretical counterparts. As a result, the error protected states obtained in 
strictly group theoretical dynamical symmetry context have counterparts preserved 
when the symmetry is slightly deviated towards the quantum group theoretic one. 

, [32| |Q [M |33] introduced a technique of quantum 
computation which dynamically eliminates errors, by a quantum counterpart of the 
classical so called 'bang-bang' technique. Zanardi j36| has shown that the technique 
called 'symmetrizing' can be interpreted group theoretically as control of the sys- 
tems forcing the systems with dynamical symmetry of a Lie group to be in states 
which are error protected. This very interesting observation should increase inter- 
est in error avoiding quantum codes. Since mathematically the technique seems 
to rely on invariant measures on the groups, it is applicable not only to the sys- 
tems with the dynamical symmetry of finite groups discussed in the paper, but also 
to the systems with dynamical symmetry of the compact (even locally compact) 
Lie groups, which all possess Haar measure necessary for such construction. One 
should observe that the same is also true for compact (or locally compact) quantum 
groups, since these objects possess the Haar measure, too. It seems the generaliza- 
tion of the results by Zanardi to the quantum group case is straightforward, but its 
physical interpretations are less clear. Work on this issue is in progress. 



Recently various authors |31 
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Appendix A. Quantum Spaces and Quantum Groups 

Classical theorem by Gelfand and Naimark states that compact topological 
spaces are in a natural correspondence with commutative unital C*-algebras. These 
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C*-algebras consist of continuous complex-valued functions on the corresponding 
spaces. 

Let X be a compact topological space and C(X) be the associated algebra of 
continuous complex- valued functions on X. The linear structure on C(X) is given 
by the obvious conditions: (/ + g){x) = f(x) + g(x), and (af)(x) = af(x). The 
product in the algebra is (/ • g)(x) = f(x)g(x) and the *-involution is given by 
f*(x)=J{x). 

There is a natural norm in C(X) given by 

\\f\\=sup{\f(x)\:xeX}. 

In such a way is introduced a structure of (commutative) C*-algebra in C(X). 
Conversely, every commutative unital C*-algebra is of this form — according to clas- 
sical Gelfand-Naimark theory. Actually, the Gelfand-Naimark theory can be gen- 
eralized to the level of locally- compact spaces, giving us a correspondence between 
arbitrary commutative (not necessarily unital) C* -algebras and locally compact 
topological spaces. This correspondence is functorial, in the sense of category the- 
ory. 

These facts lead to a generalized concept of space, which is understood as 'the 
underlying space' of a general C*-algebra, about which we no longer assume it 
should be commutative. Generalized spaces of this type are called quantum spaces. 
The reason for the adjective 'quantum' follows from the observation that as in the 
classical quantization scheme a commutative algebra of functions is substituted by 
a noncommutative algebra of operators acting in a Hilbert space. The latter is 
indeed the case since all C*-algebras can be realized as algebras of operators acting 
in some Hilbert spaces. 

Interesting algebra and geometry appears when the classical topological spaces 
are equipped with an additional structure: differential-geometric, metric, Lie group, 
and so on. A very important class of quantum spaces constitute the quantum 
groups, which are understandable as quantum spaces equipped with a group struc- 
ture. 

Let us explain now, very briefly, what is exactly a compact quantum group. Let 
us start from a classical compact topological group G. This means that G is a 
compact topological space equiped with a group structure, such that the product 
map o : G x G — > G is continuous (it can be shown that in the compact case 
continuity of the product implies continuity of the inverse map). At the dual level, 
the product map is represented by a *-homomorphism <f> : A — > A ® A, where 
A = C(G). 

More precisely, we first naturally identify 

k k 
A®---®A = C{Gx---xG) k>2 

and define 

4>{f){g 1 ,g 2 ) = /(3i5 2 )> f eA 9v9 2 eG - 
The associativity property of the product is equivalent to the coassociativity 
property 

(4> ® id)0 = (id <g> </>)</>. 

It can be shown that the remaining two group axioms (the existence of the neu- 
tral element and the existence of the inverse elements) are equivalent to a single 
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assumption that the elements of the form a<j)(b) as well as of the form <j>(b)a, where 
a, b £ A, span two everywhere dense linear subspaces of A <g> A. 

Generalizing this to the quantum level, we define a group structure on a quantum 
space G as a *-homomorhism <j> : A — ► A ® A such that the diagram 

A — ^ A® A 

\\d®6 



A® A ► A® A® A 

6® id 



is commutative, and such that 



A® A = a0(6)|a, & £ a| 

,4 ® A = |^ 0(&)a|a, 6 e a|. 

where the bar means appropriate closure. 

As a very important special case of this structure, let us mention matrix groups. 
These structures are given by triplets (A, <j>, u) consisting of a C*-algebra A, a *- 
homomorphism <j>: A — > A ® A and a matrix u £ M n (A) (all n x n- matrices with 
coefficients from A) which is (together with the conjugate matrix u) invertible in 
M n (A) and such that 

(i) The *-algebra A generated by the entries u t - is everywhere dense in A; 

(ii) The following identity holds: 

k 

In this case we have the inclusion 

4>{A) c 4 cg) alg A 

Let us stress that the above mentioned coassociativity and density properties are 
satisfied automatically. 

Matrix groups generalize compact Lie groups (if A is commutative the theory 
reduces to standard compact matrix groups). 

The algebra A plays the role of the algebra of polynomial functions over G. The 
matrix u £ M n {A) correspond to the fundamental representation of the group G. 

Appendix B. Differential calculus on quantum groups, Quantum Lie 
Algebras, Quantum universal envelopes 

B.l. Quantum Lie Algebras. There is a very important notion of a differential 
structure defined for quantum groups. The definitions of a quantum Lie algebra 
and of a quantum universal enveloping algebra depend on the introduced differential 
calculus. Therefore, we begin from giving the definition of the differential calculus. 

First-order differential calculi are defined as certain bimodules T over A, equipped 
with a differential d: A — ► T. The space T is a noncommutative counterpart of the 
usual module of 1-forms over a classical group, and d generalizes the standard 
differential of functions. 

It is important to mention that there is not a unique prescription to construct 
a differential calculus over a quantum group, and generally a given quantum group 
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will possess a variety of non-equivalent calculi, each of them having a potential 
significance. It is surprising that the same situation appears in classical theory, 
where one can also use the methods of quantum groups to construct new differential 
calculi over the standard Lie groups. This opens interesting new possibilities in the 
study of classical Lie groups. In particular, it opens a possibility to extend the 
notion of dynamical symmetry, in the framework of classical groups. 

In the quantum group theory a special role is played by so-called left-covariant 
and bicovariant differential calculi. In these cases ]l3| we can introduce the analogs 
of left and left/right actions of the group G on T. If the module T is left-covariant, 
then we can define its subspace r inv , consisting of left-invariant '1-forms'. Quantum 
Lie algebra is then defined as the corresponding dual space, in other words L = T* nv . 

If the calculus is bicovariant, then we can introduce a natural braid operator 
a: L®L^>L®L, generalizing the classical transposition. Furthermore, in analogy 
with classical theory, we can define a quantum Lie bracket in the space L general- 



izing the classical Lie bracket 13 1. The Lie bracket is defined as a linear operator 
C : L ® L — > L, and we can equivalently write [x,y] = C(x ® y). This bracket 
satisfies the appropriate generalized Jacobi identity and braided-antisymmetricity 
conditions. 

Following the classical theory, the quantum universal enveloping algebra for 
(L, [,]) is defined as a unital associative algebra U(L) generated by relations 

(B- 1 ) xy -^y^ = [x,y], 

i 

where x,y € L and J2i Vi® x i~ °~( x ® J/)- 

B.2. Representations of Quantum Groups and Quantum Lie Algebras. 



Having the Lie bracket and using (B.l) one can define representations of quantum 
Lie algebras and of the corresponding quantum universal enveloping algebras. It 
can be shown that every representation v of G in a finite-dimensional vector space 
V naturally gives rise to a representation S : U(L) — > End(V) of the quantum 
universal enveloping algebra. Namely, let v : V — > V <£> A be a (left) representation 
of the quantum group G in a finite dimensional complex vector space V, in other 
words v is linear, satisfies the condition 

(id <g) <p)v = (v ® id)v 

and v is invertible, understood as an element of End(y) ® A. This corresponds 
to the classical requirements on representations of groups saying that the product 
of group elements is represented by composition of operators representing these 
elements, and the neutral element of a group is represented by the identity operator. 
Every representation v of G in V naturally generates a representation 

S = S v : U{L) -> End(V0 

of U (L) in V (if the differential calculus is bicovariant) or only of the Lie algebra 
L, S : L — > End(l^) (if the differential calculus is left-covariant). 

Moreover, if the differential calculus is *-covariant, which means that in the 
module T of 1-forms is defined the *-operation * : T — > T induced by * in A, it 
makes sense to speak about hermiticity of the representation 5. Namely, the *- 
operation on T naturally induces the *-structure on the quantum Lie algebra L, via 
the formula < /*, ip >=-</, tp* > where f E L = T* nv and ijj G r inv . 
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B.3. Quantum SU(2) group. This quantum group is based on a C*-algebra A 
generated by elements {a, a*, 7, 7*} satisfying the following relations: 

aa +// 7 7=1 a a -h 7 7 = 1 

7 7 = 77 

«7 = 07* = fJ/y*ot, 

where fi G [— 1, 1] \ {0}. The comultiplication 0: A — > A ® A is given by 

(p[a) = a ® a — ^7* ® 7 <K«*) — a * ® a * — ^1 ® 7* 
0(7) = 7®a + a*®7 0(7*) = 7* ® a* + a ® 7* 

The theory of representations of S U(2) is very interesting from the point of view 
of our examples. This theory has many similarities to its classical counterpart-the 
theory of representations of 5(7(2). Classical SU(2) is obtained as a special case 

The fundamental representation of S U(2) is defined by the matrix 

a —/17 s 
7 a* 

It is easy to see that the defining relations for S^U (2) are equivalent to the unitarity 
property 

f \ 0^ 
1 

The fundamental representation enables us to build all other representations by 
using direct sums, tensor products and reduction procedures. Irreducible repre- 
sentations Uj are numbered by half- integers j, and are 2j + 1-dimensional. Every 
representation of an arbitrary compact quantum group can be decomposed into 
irreducible ones. 
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